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Abstract

Although, we refute the iid normality assumption for daily and weekly FX returns,
we give different approaches to price and hedge mainly FEuropean arithmetic as well
as geometric basket options under the assumption of iid normal distributed returns.
The main goal is to conserve consistency with the initial Black-Scholes assumption of
underlying assets follow geometric Brownian motions. On one hand we fit the statistical
properties of an arithmetic basket to known distributions where we derive closed-form
results for the option price. On the other hand we give a numerical procedure, based on
finite differences, to price European as well as American basket options. As an extension,
we introduce so-called Wishart processes from where we derive closed-form solutions for

geometric European basket options with stochastic covariance.
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1 Introduction

The financial industry has currently a strong interest in so-called basket options, which are
multidimensional derivatives with respect to a chosen strike. This paper is mainly devoted
to the foreign exchange (FX) market. The reasons to hold a FX basket option are differ-
ent. In case of an investor with different FX exposures, think of a multinational company,
a basket option can be a much cheaper instrument to hedge the position compared to other
hedging instruments. For example, if the investor would hedge each FX exposure by a single
underlying option, the transaction costs would increase in the number of currencies he has to
hedge. In contrast, the basket option allows to hedge all FX exposures with one derivative.
Therefore, the transaction cost are comparatively small. Another reason to hold a basket
option are correlation effects. As we will see later, a basket option can be super-replicated
by a portfolio of single underlying options. This portfolio does not profit by the correlation
between the single underlying assets. On the other hand, a basket options does this. Hence,
the price of the derivative is reduced. In this paper, the basket can be structured either as
a weighted product (geometric basket) or as a weighted sum (arithmetic basket) of under-
lying assets. Weighted products of lognormal random variables are lognormal. Therefore,
one can price geometric basket options with the same methodology as for single underlying
assets. But, it is a well-known fact, a sum of lognormal distributed random variables is
not lognormal. Many people ignore this point and assume the Black-Scholes formula, see
[Black and Scholes, 1973], to price basket options, which leads obviously to an inconsistency
in the models. We give here different approaches to price and hedge mainly European basket
options with respect to the Black-Scholes assumption of the underlying assets. On the other
side, we give an approach to overcome the weakness of constant volatility in the Black-Scholes
model by introducing Wishart processes. These processes allow multidimensional stochastic
covariance structures, which is an extension of models with constant covariance. They pay
attention to the fact, that correlations and covariances change over time.

Monte Carlo (MC) simulations are an easy but expensive way to price derivatives. FEs-

pecially in the case of multidimensional options the number of simulations increases enor-



mously and become slow. In [Milevsky and Posner, 1998a], [Milevsky and Posner, 1998b]
and [Milevsky and Posner, 1999] we find a different approach, which leads to closed form ap-
proximations of arithmetic European basket option. They identify the statistical properties
of an arithmetic basket with other distributions. In two cases they need only the first two
moments to match the moments to a lognormal or an inverse gamma distribution. In the
third case, they match the first four moments of the basket to a distribution from the Johnson
family, introduced in [Johnson, 1949]. Another approach is to price the option numerically
by finite elements or finite differences. The Black-Scholes partial differential equation (PDE)
can be generalized straightforward to the multidimensional case. The properties of the in-
finitesimal generator remain the same. In [Fasshauer et al., 2004] we find a method, which
uses finite differences to price American options. They add a penalty term to the multidi-
mensional Black-Scholes PDE to extend the European to the American problem. The idea
of the penalty term follows [Nielsen et al., 2002]. The hedging request for arithmetic baskets
is given in [Su, 2005]. He presents an approach of hedging the basket with principal com-
ponents and a super-replicating strategy. Wishart processes are introduced in [Bru, 1991].
Some properties of this paper are used by [Fonseca et al., 2005] to price a single underlying
European option with stochastic variance. The calibration of the Wishart processes is cov-
ered in [Gourieroux et al., 2004].

In Section 2 we analyze the properties of historical FX returns. We implement three tests to
verify the iid normality assumption of the returns. The main result is that the iid normality
assumption does not hold for daily and weekly returns, but it is supposable for monthly
returns. In Section 3 we give different approaches to price basket options with the lognor-
mal assumption of the underlying assets. We use the fact that infinite sums of correlated
lognormal distributed random variables are inverse gamma distributed. Therefore, we match
the arithmetic basket to different distributions like the inverse gamma, the lognormal and a
distribution from the Johnson family by identifying the moments. This leads to closed-form
pricing formulas for European basket options. Additionally, we give a numerical method,
based on finite differences on nonlinear parabolic PDE, to price European and American

style basket options. The obtained algorithm is quite simple, but the complexity of the cal-



culations increases in the dimension of the basket. Therefore, we obtain only results for a
two dimensional example. In Section 4 we consider the problem of hedging basket options.
Two ideas are used: Dynamic hedging via Greeks and static hedging. In the later case we
give a sub- and super-replicating strategy. Section 5 is devoted to stochastic covariance in
a multidimensional framework. Historical analysis of correlation data shows that there is
a stochastic component which can be described by a mean-reverting process. In a multidi-
mensional basket we face the constrained of positive semi-definite covariance matrices. We
overcome exactly this problem by introducing Wishart processes. The obtained stochastic
process for the covariance matrix fulfills the property of positive semi-definiteness at any
time. Additionally, we adapt an approach given in [Fonseca et al., 2005] to price geometric
basket options with stochastic covariance. In fact, Wishart processes are multidimensional

Ornstein-Uhlenbeck processes. Finally, we devote an extra part to calibration.

2 Properties of FX Returns

In many application and many papers people use the assumption of iid normal distributed
returns. We check in this section whether and when this assumption holds. We make three
tests to indicate how good this assumption is.

In the first test we fit returns of FX market data for different currencies to a Student ¢t
distribution. It is well known, that a normal distribution is equivalent to a Student ¢ dis-
tribution with infinite many degrees of freedom. Therefore, we fit market FX rates from
January 4*" 1999 until April 27¢" 2006 by maximum likelihood to a Student ¢ distribution.
In Appendix A.1 we find information about the Student ¢ distribution and the results from
the fit. The main result is that the returns are more likely to be normally distributed for
longer tenors. We calculate v, the degrees of freedom of the Student ¢ distribution, for daily,
weekly, and monthly returns. In most cases, the returns have quite large degrees of freedom
for monthly data, which indicates that the normal assumptions could hold. For daily returns
we have in most cases not more than five or six degrees of freedom and therefore not more

than four or five existing moments. Note, that a normal distribution have infinite many ex-



isting moments and that the v — 1 is the largest existing moment of a Student ¢ distribution.
In a second step we analyze the information in the tails of the distribution. Hill proposed
in [Hill, 1975] a tail index v to estimate the fat-tailedness of empirical data. Unfortunately,
this estimator leads for small samples to non-satisfying results. Huisman, Koedijk, Kool and
Palm states in [Huisman et al., 2001] that the tail index ~ is approximately linear in the
sample size k. In Appendix A.2 we give the details, how one calculates the HKKP tail index.
Furthermore, we analyze the same set of FX market data as above and find the same results.
Again, we calculate the tail-index for different tenors (daily, weekly, monthly) and obtain
that the tail-index v decreases with increasing tenor. This indicates that the normality as-
sumption becomes more suitable for a longer tenor.

Finally, we plot autocorrelation diagrams of the FX market data returns. We want to check,
how good the iid assumption is, which we mention above. Interestingly, we see for all tenors
(daily, weekly, monthly) less autocorrelation. But if the returns are really iid then also the
absolute returns should show less autocorrelation. This does not hold in many cases. Again,
we remark, that the autocorrelation effect for the absolute returns decreases with increasing
tenor. Hence, we have a further indication that the normality assumption for monthly returns
could be true. Additionally, we plot the autocorrelation diagrams for different basket. One
remarks, that the autocorrelation effect decreases with local diversification. That means,
that the basket with FX rates from all parts of the world has less absolute autocorrelation
than a basket of FX rates from a certain part of the world. The details for the calculation
are given in Appendix A.3.

All three test indicate the normality assumption could hold for monthly returns and that
it is probably wrong for shorter periods. Since we want to generalize the Black-Scholes as-
sumption to multidimensional baskets, we use normal distributed returns for all tenors and

derive consistent results for higher dimensions.



3 Different Approaches to Price Basket Options

In this section we give different approaches to price and hedge basket options. Throughout the
whole paper, if it is not indicated explicitly, we use the following dynamic for the underlying

assets:
dS; = S;ridt + S;o;dW; 1=1,..,n, (3.1)
where r; and o; are real constants and W; is a standard Brownian motion satisfying
< dW;, dW; >= p;;dt.

We derive three ways to price basket options. First, we consider a weighted product of
the underlying assets versus a constant strike. This derivative is called geometric basket.
This is the simplest way to structure a basket and we solve the pricing problem analogue
to the single underlying problem of Black-Scholes. In a second approach we match the
moments of an arithmetic basket, which is a weighted sum of underlying assets, to some
specific distributions. This leads to closed-form solutions and overcomes the problem that
the distribution of an arithmetic basket is unknown. Finally, we derive solutions for European
and American arithmetic basket options by finite differences. This approach is extended to

exotic knock-out options.

3.1 Geometric Basket

Finite products of lognormal random variables are again lognormal. This leads to structuring
a basket as a geometric composition of underlying assets and using standard methods from

the one dimensional Black-Scholes model. Let the basket be given as

B(t) = HSZ(t)al a; € R++, 1=1,.,n. (32)



Considering an European call with strike K on the basket B(t), we obtain the price C(B(0),0)

C(B(0),0) = e "E® [(B(T) - K)*],

under the risk neutral measure Q. We determine r at the end of this section. Let us write

C(B(0),0) with the indicator function as

e TR [(B(T) = K)*] = B2 [(B(T) - K)1p(r)>x]

= e ""EQ [B(T)1p(1)>x] — Ke "'Q(B(T) > K).

As already indicated, a finite sum of normal random variables is normal and therefore we

write the product of the underlying assets in the following way:

n 0_2
H S;(T)% = H Si(o)aieai(Ti_TZ)T"F(IiO'iWi(T)

2
_ B(o)eZ?:l a;(ri— )T+ aiosWi(T)
_ B(Q)eaT+oW(T)

Y

2
o .
where a := Y"1, a;(r; — 5) and 0 := \/ZZj:l a;a;oi;oi05. Here, Y"1 | a;jo;W;(T) is normal
distributed with mean zero and variance o>T. Therefore, we reduce the original problem to

a standard Black-Scholes problem. The price follows by
o2
C(B(0),0) = e <B(0)eaT+2T<I>(d2) — K<I>(d1)> ,

lo —B(O)—Q—QT
where d; = gaKiﬁ

function (CDF). There is still the question what is »? By using It6’s formula we obtain the

, dy := dy + 0T and ®(-) is the cumulative normal distribution

Q-dynamics of B(t) by

) (a v %)dt +odW (1),



Hence, the Q-drift r is given by a + %2 and
C(B(0),0) = B(0)®(ds) — e "I K®(dy). (3.3)

3.2 Closed-Form Approximation for Valuing an Arithmetic Basket Option

Motivated by the fact that sums of lognormal random variables are not lognormal, we derive
moment based approximations to price arithmetic basket options. We demonstrate three ap-
proximations which lead to closed-form pricing formulas based on moment matching. First,
we approximate the returns of the basket by a lognormal functional form. Secondly, we
approximate the basket by an inverse-gamma functional form and finally we use a John-
son approximation for the unknown density function of the basket returns. In the second
approach we are inspired by the result that an infinite sum of correlated lognormal ran-
dom variables is inverse gamma distributed. The first two approaches use only the first two
moments while the Johnson approximation uses further moments up to order 4. One can ar-
gue that through higher moments the Johnson approximation leads to better results than the
other approximations. On the other side we know that distributions from the Johnson family
put positive probability weight to negative values of the random variable, what is obviously
not desirable for a basket. In a numerical example we see that the inverse gamma approxi-
mation leads to similar results than the Johnson approximation and the errors compared to

a MC simulation are from the same order in the chosen constellation.

Remark 3.1 For calculating the moments of a lognormal distributed random variable, we

use that

2

MTL = E[Xn] = enu—&-%nQa s n = 172, 3,
for X ~ LN (u,0).

Let us assume we have a basket given by
n

B(t) => wiSi(t),

=1

10



where w = (w1, ..., w,) are the weights in the underlying assets. In a complete market the

unique no-arbitrage price of an European basket call option is

Veau = ¢ "TER [(B(T) — K) 7]

— /Oo (B(T) — K)"d¥[B(T)],
0

where W[B(T')] denotes the state-price density (SPD). Note, that the SPD is not known in
general and closed-form solutions are not available for the chosen dynamic in (3.1) of the
underlying assets. An approach to approximate the integral is to assume that the SPD has
a lognormal functional form. Therefore, we match the moments of the basket B(T) to a

lognormal distribution. We define the ”pseudo-forward” of the basket as

F= i wiFi,
i=1

where

Hence, the first moment of the normalized basket B*(T') = B(T)/F is 1, or M; = 1. The
second moment can be found in [Milevsky and Posner, 1998a] or can be obtained by straight-

forward calculations. It is

n
1 i
M; = — > wiw, FFje?s 7T,
ij=1

We obtain the following proposition by assuming the normalized basket B*(T) is lognormal:

Proposition 3.2 The no-arbitrage price of an Furopean basket call option at time t =0 is

given by

Coatiin = =7 [F(I) <10g (F/\I;U) —|—v/2> Ko (log (F/\[/{;]) — v/2>} ’

where () is the standard normal cumulative distribution function (CDF) and v := log M.

11



Proof: By assuming that B(T)/F ~ LN (0,v), we get
B(T) = Fe~ 2V,

where € ~ N(0,1). Therefore, we calculate E[(B(T)—K)*] as in the Black-Scholes formula by
applying Girsanov’s Theorem and discount the result by e™"7. See [Milevsky and Posner, 1998a]

for further details. O

A similar approach is to match moments to an inverse gamma instead of a lognormal distri-
bution. This approach is justified by the result that an infinite sum of correlated lognormal
random variables is inverse gamma distributed. Let us first give a remark about the definition
and some properties of a gamma respectively inverse-gamma distribution. Then, the next
proposition, in which we derive the price of a basket call option by assuming the basket B

to be inverse-gamma distributed, follows analogue as the lognormal approximation.

Remark 3.3 If a random variable X is gamma distributed, X ~ Gamma(a, 3), the proba-
bility density function (PDF) of X is given by

e—x/ﬁ(xﬂ)a—l

g(xaaaﬂ) = ﬂf(a) )

x>0, a,0>0.

If a random variable Y is inverse-gamma distributed, Y ~ IG(«, 3), then its inverse 1/Y is
gamma distributed. We use the notation Gi(y,«, 3) and G(x,«, 3) to denoted the CDF of
the inverse gamma respectively gamma distribution evaluated at y and x. By definition we

have

GI(yaavﬁ> =1- G(l/y7@76)'

The probability density functions are related by

(1/y,a, )

g
g[(y7a7ﬁ>: y2 ) Z/ZO; O[,,B>0.

12



The moments of Y ~ IG(a, 3) are given by

E[y"] = 1

“ e Da—2(a_n) "ThEI (3.4)

Let us assume B(T) ~ IG(«a, ) and let M;, My denote the first and second moment of
B(T). We obtain a second closed-form approximation for the arithmetic European basket

call option in the following proposition.

Proposition 3.4 If B(T) ~ IG(«,3) the no-arbitrage value of an arithmetic basket call

option at time t =0 1s

o~ 1T i _ _ l
Ccall,]G—e |:M1G (Kaa 176 KG K7a7/8 )

where o = (2My — M})/(My — M?) and B = (My — M?)/(MaMy).
Proof: 1t is not difficult to show that

_2M, 1

by assuming B* ~ IG(a, 3) and by (3.4). Then, we use Remark 3.3 to calculate

BB(T) ~ K)'| = F [ (B = K/F) (B o )i

—F [ solzap)is-K [ gwa0)ds

K/F K/F
[ ARy [ W),
K/F T K/F z
F/K F/K
= F/ g(u,uoz,ﬁ)du - K/ g(u, a, B)du
0 0

F/K F/K
—F [ gtwa-1pdu-K [ glu.apdu
0 0

= FG(F/K,a—1,8) - KG(F/K, o, B).

13



Here, we calculate the second last equality from

WD) 40— 1,8).

The proof follows by discounting the result by e~"?. See [Milevsky and Posner, 1999] for

further details. O

So far we used only the first two moments to match the distribution of B(T') to other
distributions from where we can derive closed-form solutions for the price of an arith-
metic basket option. We find an approach which uses higher moments up to order 4 in
[Milevsky and Posner, 1998b]. They approximate the statistical properties of the basket
B(T) by a SPD from the Johnson family introduced in [Johnson, 1949]. The benefit and
rationale for using the Johnson family is twofold. First, the family is rich enough to accom-
modate a wide variety of lognormal-like distributions. Second, the price of an arithmetic
basket option can be solved analytically. The Johnson family, which we will present, has four
degrees of freedom and can thus be identically matched to the first four moments of B(T'). It
is a collection of statistical distributions, parameterized by four variables that can be repre-

sented by a transformation of the standard normal distributed random variable Z ~ N (0, 1)

X:c+d¢4<2_a>.

in the following way:

b
The function ¢ can be quite general, but is usually restricted to In(-) (Type I) or sinh™!(.)
(Type II). In [Milevsky and Posner, 1998b] is stated that for the Type I formulation the
skewness parameter forces the kurtosis parameter. Therefore, we use here Type II formulation

and approximate the basket B(T') by

Bajgc+dmm<za). (3.5)

14



After we have derived the moments of B(T') in (3.5), we have to solve a nonlinear system of

equations after a, b, ¢, and d. The system of equations is given by:

My =c— deﬁ Sinh%,
d? 2 2 a
?(6522 cosh ?a —-1)— 2¢den? sinh %,
1 3 2 2
Mz =c®— 3c2den? sinh% + §Cd2(6b22 cosh ?a - 1)

M2:C2+

a3, 1 o
+ 2(36222 sinh% — ¢27 sinh 3?(1),

1 2 2
My =c*— A3 den? sinh% + 3c2d?(e ¥ cosh ?a -1)

1 9 3
+ cd®(3e 22 sinh% — ¢37 sinh ?a)
d* s 4 2 2
+ g(eb82 cosh ?a — 4¢3 cosh ?a +3).

This system can be solved by numerical solvers, but there is no symbolic solution for «, b, c,
and d. Finally, we obtain a third closed-form approximation of the European basket call by

the following proposition.

Proposition 3.5 The no-arbitrage price of an Furopean basket call at time t = 0 is approz-

imated by

Ccall,Johnson = e_TT Ml - K+ (K — C)‘I’(Q) =+ g # (eZ(b (Q + 2) — 6_%q) (Q _ 1>>:| ,

[\

b

where Q := a + bsinh™* (KJC) and ®(.) is the standard normal CDF.

15



Proof: Let us denote by h(z) the PDF and by H(x) the CDF of B(T). The price of a basket

call option is given as the discounted value of

E[(B(T) - K)"] = /: (x — K)h(x)dx

= /OOO xh(x)dx — K/OOO h(z)dx — /OK (x — K)h(x)dz
K
=M - K — /0 (x — K)h(x)dx

:+/OK [/Oxh(z)dz] do

M- K- [(a: K /Oxh(z)dz]

K
:Ml—K+/ H(z)dz.
0

Here, we integrate partially. Finally, we approximate fOK H(z)dz by ff}o H(z)dz. We find

detailed calculations in [Milevsky and Posner, 1998b] and obtain

s nfas)-ofo-)

from where the proof follows. O

N

K
/ H(z)dz = (K — o)®(Q) +

Remark 3.6 The function sinh(-) has a range on the real numbers, which leads to a criticism
since the basket B(T) is defined only on the positive real numbers. The lognormal and the
inverse-gamma approzimation do not face this weakness. But [Milevsky and Posner, 1999]
state that fi)oo H(z)dr ~ 0 after calibrating a, b, ¢, and d. Therefore, we put only small
probability to the negative real numbers. We see in the example of Section 3.2.1 that exactly
this holds and that the mentioned weakness of the Johnson approximation is compensated by

the higher moments which are used there. For completeness, we give the first four moments

16



Moneyness MC MC Std LN Rel err IG Rel err | Johnson | Rel err

0.85 19.0216 | 0.0466 | 19.1162 | 5.0e-03 | 19.0446 | 1.2e-03 | 19.0468 | 1.3e-03
0.95 11.0902 | 0.0511 | 11.1985 | 9.8e-03 | 11.1030 | 1.2e-03 | 11.0497 | 3.6e-03

1.00 7.9159 | 0.0373 | 8.0491 | 1.68e-02 | 7.9776 | 7.8e-03 | 7.9082 | 9.98e-04
1.05 5.4579 | 0.0307 | 5.5367 | 1.44e-02 | 5.5063 | 8.9e-03 | 5.4426 | 2.8e-03
1.15 2.3381 | 0.0191 | 2.3006 | 1.60e-02 | 2.3480 | 4.2e-03 | 2.33608 | 8.72¢-04

Table 1: Results of the approximations derived in Propositions 3.2 - 3.5 for a three di-
mensional basket. The parameters are chosen as t = 0, T = 1, S(0) = (25,30,45),
o = (0.20,0.40,0.30), w = (1,1,1)" and r = (0.02,0.04,0.06)". The time interval from 0
to 1 is split into 250 subintervals. The MC simulation is the mean and the standard devi-
ation of 10 simulations with 100’000 different paths. The moneyness is defined by K/B(0)
where K is the strike. The correlation structure is chosen as g2 = 0.5 and 13 = ¢23 = —0.5.

of B(T'), which are used in the nonlinear system above.

n
M, = Z w; F,
i=1

n
My = Z wyw;j FiFjexp (0;050457T),
i,5=1

n
M3 = Z wiijkFiFij exp (O’z‘O'jQijT + UiUinkT + O'jO'ijkT),
1,5,k=1

n
M4 = E wiijkleFijFl-
1,9,k l1=1

- eXp (O’Z'O'jgijT + O'iO'inkT + O'iO'lQZ'lT + O'jO'ijkT + O'jO'lelT + O'kUlelT).

3.2.1 Numerical Example to closed-form Approximations

We calculate a three dimensional arithmetic European call option by a Monte Carlo (MC)
simulation and compare the results with the approximations in Proposition 3.2 - 3.5. Table
1 shows that in the chosen constellation the Johnson approximation leads to the best results.
This is probably the result from the additional moments. Furthermore, it strengthens the
assumption in Remark 3.6 of zero probability on negative values after matching B(T') to the
Type II distribution of the Johnson family.

In Figure 1 we calculate a second example, where the relative error of the approximated

prices with respect to the prices from a MC simulation of a five dimensional problem are

17



0.025

Johnson

0.02

0.015

0.01r

Relative error to MC simulation

0.005

. . . . .
85 90 95 100 105 110 115
Moneyness (%)

Figure 1: This figure shows the relative errors of the closed-form approximations with
respect to the five dimensional MC simulation. The parameters are chosen as t = 0,
T =1, S(0) = (15, 30,25,20,10), & = (0.20,0.40,0.30,0.10,0.25)", w = (1,1,1,1,1) and
r = (0.02,0.04,0.06,0.10,0.05)’. The time interval is split into 250 subintervals. The MC
simulation is the mean and the standard deviation of 10 simulations with 100’000 different
paths. The moneyness is defined by K/B(0) where K is the strike.

shown. The inverse-gamma approximation has nearly everywhere the same relative error
than the Johnson approximation. In fact, for higher dimension the inverse-gamma should
lead to better results than the Johnson approximation because of the limiting behavior of
sums of correlated lognormal distributed random variables. The correlation structure of the

five dimensional basket is given by

05 1 05 03 0.7

06 03 01 1 0.2

0.0 0.7 05 02 1

3.3 A Numerical Approach with Finite Differences

It is well-known that the one dimensional Black-Scholes PDE can be solved with finite dif-

ferences or finite elements. One obtains the price for different initial values S(0). We find

18



an approach of pricing multi-asset options with finite differences on meshfree radial basis
functions (RBF) in [Fasshauer et al., 2004]. The paper presents an elegant way of approx-
imating American style basket options. Fortunately, one can use the same procedure for
pricing European options as well as exotic options like knock-outs. The large deficit is the
exponential increasing number of calculations for higher dimensions. We present here the
basic idea and show numerical calculations for a two dimensional basket. The Black-Scholes

PDE for higher dimension is given by

n

oP 1
v + 0i,j0i0; 5SS

P .
ot ]asm;+§: —rP=0 inQ, 0<t<T. (3.6)

,j=1
Here, r denotes the domestic and d; the foreign risk-free rate (respectively the negative
dividend yield in case of equity underlying assets). For an European put the boundary

conditions are given by

P(S,T) = F(S) in Q, (3.7)
P(S,t) = gi(S,1t) inQ;, i=1,...,n, (3.8)
Slim P(S,t)=0 inQ, i=1,...,n, (3.9)

where F(S) denotes the payoff function given by
F(S)= (K -w'S)"

The domain 2 is defined by @ = {S|S > 0}. Here, the domain 2; denotes the boundaries
of € along which the price S; = 0. Note, if one of the asset prices is zero at time t*, then
the asset will be worthless for all ¢ > t*. Thus, the functions g; specifying the boundary
conditions are the solutions of the associated (n — 1)-dimensional Black-Scholes problem. We
have to be aware that for American problems the PDE in (3.6) is only full-filled as long as the

option is alive. We introduce the notation S(t) = (S1(t),...,Sn(t)) to represent the moving
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boundary. Hence, we get the following additional constraints in the American case:

S; > Si(t) i=1,...,n, 0<t<T,

8]38(;,15):_1% 1=1,...,n, (3.10)
P(S,t)— F(S) >0 in Q. (3.11)

Condition (3.10) is known as the so-called smooth pasting condition. It leads to a smooth
transition at S. Obviously, S(¢) = 0 in the European case. Early exercise is permitted for
American option, therefore the positivity constraint in (3.11) must hold. The approach of
eliminating the moving boundary from the above formulation follows from [Fasshauer et al., 2004]
and [Nielsen et al., 2002]. They add a penalty term to the Black-Scholes equation in (3.6)
and thereby convert the problem to one on a fixed domain. The penalty term is chosen such
that the option price stays above the payoff function for all times ¢ € [0,7]. The penalty

term is given by

eC

—_— 12
et (3.12)

where 0 < € < 1 is a small regularization parameter, C' > rK is a positive constant and

q(S)=K —w'S

is the barrier function. Note, the penalty term in (3.12) is of order € if P >> ¢, and it increases
towards C' as P — ¢q. Hence, as long as the option price is far above the moving boundary
the problem is reduced to the European case given by (3.6) - (3.9). Otherwise, the constant
C' is large enough, such that

P(S,t) > max (¢(S),0)

for all ¢ € [0,7], which is identical to the condition in (3.11). It turns out that the mild

assumption of C' > rK suffices to hold positivity constraint in case of an implicit scheme for
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the penalty term. This is shown in [Nielsen et al., 2002]. In case of an explicit scheme we
need another condition for the size of the time step At in the numerical method of Section
3.3.1. Since we do not consider an explicit scheme we do not face this problem here. Finally,
we obtain a parabolic nonlinear PDE by adding the penalty term (3.12) to the multi-asset
Black-Scholes equation (3.6):

oP eC
ZQZ,JUZ] ]aSaS Z ‘_TP+P_|_€_q_O

7/]7

The terminal and boundary conditions are reduced to the conditions in (3.7) - (3.9).

Remark 3.7 By adding additional boundary conditions, we can solve exotic problems like
knock-out options. We show one example in Section 3.53.2. European options are special cases
of the above problem. By choosing C = 0 we get rid of the penalty term and obtain therefore

the European problem.

3.3.1 Meshfree Numerical Approximation Method

The meshfree RBF approach to the solution of parabolic PDEs is similar to the spectral
method of lines approach. We assume that the value P corresponding to the asset prices S

and time ¢ can be expanded in the form

Zal o(||S — x)), (3.13)

where time and space have been decoupled. The radial function ¢ determines the approx-
imation space as the span of the functions ¢(|| - —x1||),...,¢(]| - =xn||). The centers x;,
1 =1,..., N, form a discretization of the domain €. For our numerical calculations we use
Gaussian RBF, given by

o8 — ;) = e 18I/,

21



with a user-selectable shape parameter c. The function ¢ is dimension-blind since there is
only the norm inside. The norm || - || is the standard Euclidean norm. To derive a discrete

system we have to calculate partial derivatives of P. By differentiating (3.13), we obtain

OP X dai(t)

E—g 5 (IS = xil)).

0P o~ 9¢(IS —x])

M_;ai(t) DSy )
PP N P8 - xi)

= 7 t ;
05:05, =" 95,05,
where the partial derivatives of ¢ are given by

06(IIS —xill) _ 208k — @ik) —js—xi[12/e2

8Sk 02
Po(IS —xil) A0Sk — 2ip) (St = Tid) _ys_xi|2/e2
95.95 = o e~ IS—xill?/ for k # 1,
?¢(IIS — xqll) _ A4Sk — win)® — 2¢? oIS ]2/c2
05} ct ’

with z;; denoting the k" component of the center x;. Now we collocate at the centers x;,

1=1,..., N, forming a discretization of the spatial part of the partial differential equation.
This results in the system of nonlinear ODEs for a = (ay,...,an)":
Oa
®— + Ra+Q(a) =0.
ot
Here,

n

1 k|l k
R = 5 ; leUkO'lCI)(S ) + 2 (T — dk)(b(s ) _ r®,

with the matrix ® determined by ®;; = ¢(||x; — x;||) and <I>(sk) and <I>(sk’l) given by

o) — x, QWS —xl)|

71] (2 aSk S:xl

k.l (IS — x;11)
(I)(S,ij) = Xq,kXi,l 95,05, :

S:X,L'
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The components of the vector Q(a) are given by

eC

i(a) = , 1=1,...,N,
@ia) d,a+ e — q(x;)

with ®; denoting the i*" row of the matrix ®. In order to resolve the time component, we

use a f-method, i.e.,

an+1

® Tt_an +0Ra"! + (1 - 0)Ra" +0Q(a" ™) + (1 - 0)Q(a") = 0, (3.14)

where a™ = a(nAt) with At the time step chosen for the discretization of the time interval.
To solve (3.14) with standard algorithms for linear systems we use an implicit method by

"+l Such implicit methods are well studied and

replacing a” in the penalty term by a
stable and furthermore, we do not have a constraint on At as mentioned above. (See
[Fasshauer et al., 2004] for further details.) Then the implicit (linear) version of (3.14) is

given by
(@ — (1 —-0)AtR)a" = (D + AtR) a" ™ + AtQ(a" ™),

where 0 < § < 1. Typically we choose § = 0.5 which is the Crank-Nicolson method with
larger stability than for other values of . The boundary conditions in (3.8) are given as
the solution of the (n — 1)-dimensional penalized Black-Scholes equation. Therefore it is an
iterative procedure from dimension n back to dimension 1, where for the single asset problem

g; is the solution of

0%g; dg; eC
257 —= —d)Si=o —rgi + —————— = <S;, 0<t<T
U’S”‘(B?SEJF(T d)Sé)Si rg +gi+6—q(51') 0 0<S5;, 0<t<T,

gi(S;,T) = (K —w;S;)t 0<8;,

Bgi 1
ot 2

9i(0,t) = K 0<t<T,

1im gi(SZ-, t) = 0.

Here, ¢(S;) = K — w(i)S(3).
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3.3.2 Numerical Results

We calculate according to the following algorithm solutions for a two dimensional prob-
lem. Higher dimensions are not complicated to implement, but the number of calculations
is increasing exponentially in the dimension n such that we are not able to solve higher

dimensional basket options with the given software. The algorithm we use looks like:
1. Choose a time step At and a value of 0 < 0 <1,
2. assemble the matrices ® and R,
3. compute the matrices Ry = ® — (1 — §)AtR and Ry = ® + 0ALR,
4. initialize the solution vector P via P, = (K — w'x;)",i=1,..., N.
5. For each time step:

a) Update the coefficients a by solving ®a = P,

b) compute b = Rsa and the vector Q(a),

c¢) find the next coefficients a by solving the linear system Rja = b + AtQ(a),
d) update the solution vector P = ®a,

e) and finally enforce the boundary conditions by backward iteration in the dimen-

sion.

Enforcing boundary conditions is not always easy to implement. In the one dimensional
problem we only have P, = 0 and Py = K. In the two dimensional European case one
can use the standard Black-Scholes formula on the boundaries such that one gets rid of the
backward iteration. In the American case we have to solve the 1-dimensional algorithm on the
boundaries. Figure 2 shows the case of an European put option. Furthermore, it compares
the results with the inverse gamma approximation from Proposition 3.4. In the OTM (out-
of-the-money) area the error is practically zero. It increases on the boundaries and at the
ATM (at-the-money) line. This follows from the discontinuity of the first derivative of the

payoff function and from the implementation of the boundaries. But in general it proofs the
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European Put

0.8

0.6

Figure 2: An European put option calculated with finite differences and standard Black-
Scholes formula on the boundaries. The parameters are w = (0.3,0.7)', 012 = —0.5, 0 =
(0.2,0.3), » = 0.1, d = (0,0)" and strike K = 1. The meshfree approximation is based on
30 x 30 grid points on 2 = [0,4] x [0,4] and # = 0.5. The time runs from tp =0to 7' =1
and is divided in 100 equal time steps. The right figure is the difference between the finite
differences method and the IG approximation from Proposition 3.4.

goodness of the inverse gamma approximation although we only have two underlying assets.
The American case in Figure 3 uses the same parameters than the European example. We
see that the positivity constraint is fulfilled since the time-value is larger than zero. Figure
4 shows an European and an American knock-out put option. One remarks that the price of
the American style option is much more higher than for the European option although the
parameters are the same. The difference is the early exercise premium. Furthermore, one sees
that the descent at the knock-out line is much steeper in the American case. Basically, we
should have a vertical wall at the knock-out line in the American case, which is not the case
and follows from the penalty term. The penalty term leads only to a good approximation

and not to the exact value.

4 Hedging of Basket Options

In order to apply dynamic hedging strategies we have to find the Greeks of basket options.
We find simple expressions in the Black-Scholes model for one underlying asset. It becomes

more complicated in the case of a multidimensional basket option. A simple way of calcu-
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American Put Time-Value

1
@\ 0.08|"

0.8 j
0.06

0.6

0.04 |

0.02

Figure 3: An American put option calculated with the algorithm given in Section 3.3.2. The
parameters are w = (0.3,0.7)", 012 = —0.5, ¢ = (0.2,0.3)', »r = 0.1, d = (0,0)" and strike
K = 1. The meshfree approximation is based on 30 x 30 grid points on Q = [0, 4] x [0, 4] and
0 = 0.5. The parameters for the penalty term are C' = rK and ¢ = 0.01. The time runs from
to = 0to T =1 and is divided in 100 equal time steps. The right figure is the time-value
which has to be positive at each node for the American problem.

lating Greeks numerically is by approximating the differential quotient by finite differences.
Especially in the case of closed-form approximations we can use this approach since the solu-
tions are smooth enough such that the finite difference approximation converges in the limit
to the derivatives.

First, we consider the geometric case and afterwards we try to find Greeks for the arithmetic
problem. Additionally, we devote a section to static hedging. We derive a super-replicating

portfolio of an arithmetic basket option and give also a sub-replicating strategy.

4.1 Geometric Basket

One finds the Greeks of a geometric basket option by applying the chain rule to (3.3). The
results for delta and vega are given in the following proposition. One can calculate in the

same manner further Greeks.

Proposition 4.1 Assuming the price of an European geometric basket option C' is given by
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American KO Price European KO Price
1.2 1.2

Figure 4: On the left side we see an American knock-out put option and on the right side
an Furopean knock-out put option. Both are calculated with the algorithm given in Section
3.3.2. The parameters are w = (0.3,0.7), p12 = =05, ¢ = (0.2,0.3), r = 0.1, d =
(0.04,0.01)" and strike K = 2. The meshfree approximation is based on 30 x 30 grid points
on = [0,4] x [0,4] and 6 = 0.5. The parameters for the penalty term in the American case
are C' = rK and € = 0.01. The time runs from tg = 0 to T = 1 and is divided in 100 equal
time steps. The knock-out level is chosen as 0.7.

(3.2), then

vegay — 0C  Bdy®(da) ((622 — 2\/T> ag Zain‘kUi + akokﬁ>
i=1

do o

Ke"d® -
- 12(d) (dlak ZaiQikUz’ +ak0kﬁ) ;
g

g
1=1

OC akB< ( d2 > T Kd1 )
A= — =222 (P(d) [ 1= +&(dy)e™™ —— |,
=05, Sk (d2) o/ T (di)e BoVT

forke{l,...,n}.
Proof: The results in the proposition can be derived by applying the chain rule to C.

oC _GC oo oC Oa
dor 00 0oy | da Doy’
oC _ 9C 9B
88, _ 0B oS,

27



0.08

0.06

0.04

vega

0.02

—-0.02
0.25

o 015 0.15 G
Yy

Figure 5: Vega of a two factor geometric basket with varying volatility on the underlying
assets. The parameters are r = (0.05,0.05)", o = —0.7, a = (0.5,0.5)", S(0) = (30, 30)" and
the strike K = 40. The time runs from 0 to 1. It does not matter whether we look at vega
with respect to o, or vega with respect to o, since the basket is symmetric.

The single terms are straightforward to calculate. One obtains

d d
oc _ Bdy®(ds) (2 - 2ﬁ) — Ke " Tdy®(dy)-2,
0o o o
00 _arN~, o
80k-_ o & 10ik 014,

dov'T divT

oc _ —B®(dy) VT + e "TK®(dy) “f,
oa o o
ﬁ —_— _a/
80’]@ - KOk,
oC da ) K dy
E —(dy) (1 e T d(d)—=,
o = o) (1 -2 ) e e
08 _ B
oSy Sk

for k € {1,...,n}, from where the results follow. O

In Figure 5 one sees vega, respectively vega, of a geometric basket option which is symmetric

in the underlying assets. Interestingly, we obtain negative vega for certain values of o.
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4.2 Arithmetic Basket with the Closed-Form Approximations

A closed-form derivation of the Greeks is in some cases possible but complicated to obtain. In
the case of approximating via an inverse gamma or Johnson approach, see Proposition 3.4 and
3.5, the calculation of Ay := gg;, k € {1,...,n}, are probably not solvable in closed-form.
Therefore, it is in most cases useful to calculate the Greeks numerically by approximating
the differential quotient by finite differences. Anyway, we want to derive some closed-form
solutions for the Greeks of the lognormal approximation. In a second part, we look at the
possibility of static hedging. In many examples of one underlying asset, also for exotic
options, it is possible to find static replicating portfolios. These paradigms are described for

example in [Carr et al., 1998] and [Derman et al., 1995]. In the context of arithmetic basket

options we present a super- and sub-replicating strategy.

4.2.1 Greeks of the Lognormal Approximation

oC
From the lognormal approximation of Proposition 3.2 we can derive Ay and vegay := Pon
Ok
for k € {1,...,n} in closed-form. We need first a remark for the calculation.
Remark 4.2 The price in Proposition 3.2 is given as
C=e T [FO(dy) — K®(da)],
where di = W and dy = dy — /v. ®(.) denotes the standard normal CDF. Trivial

calculations show the following identities:

ady  ddy
OF — OF’

ot _ody | 1
v v 2/v

Furthermore, we have the following lemma.

Lemma 4.3 With the variables chosen as above, we obtain

F®' (dy) — K®'(dy) = 0.
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Proof: Note, (dy 4+ d2)(dy — d2) = 2log (F/K). Then it is straightforward to see that

®'(dy) 1 oo o
= ——(dy —d
(I)/(dg) exp( 2( 1 2))
1
= exp (=5 (d1 + d2)(d1 — da))
K
= eXP(—IOg(F/K)) = Ik
from where the lemma follows. O

We use this lemma to calculate Ag and vegay and obtain the next proposition.

Proposition 4.4 Let the price of an European basket call option be given by Cequ,rn. Then,

Ay and vegay are

OCcall,LN T T ' (dy) 1< oo T
= —2 —e " r o Fiefnoionl _q ’
Ay a5, e " wge (d1) + Vo \ P ;_1 w;Fie

OCcanin oy ®(d1) & o T
> — . FEF-F . T Qik0i0k
Do =e 2\/27F7‘ r; i 221 WWE L' L' 0ik0kL € )

vegay =

for ke {l,...,n}.
Proof: We use the chain rule for the derivation of C' = Ceqp, -

oc _ocor  oC ov
0S,  OF0S,  0v 0Sy’
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Then, we calculate the single expressions and obtain

oc  _.r /5 0dy Ody
— =" (D Fo — — K®'(dg)——
00— (<d1>+ <d>ap () F)
—rT ad / —rT
oF
OF T
a5, wge
oc  _r Ody dds
aw ( () o Ke'(da) 5 ov )
7 o9 (d1)
— TTF
2\/v
ov  Olog(My) 1 OM;
oS, 0Sy My 0S
kaeTkT oincionT
= iwoiorT _q |
Ia <FM§‘ ;wZFe

Putting everything together leads us to the first result. The second result is similar:

oCc  0C dv
ﬁak v aak
ov 1 oinoionT
Do Vi Z wiwg FiF 04,0, Te®* 717
27 k=1
and the proof follows. O

We can calculate further Greeks by applying the chain rule. Unfortunately, the expressions
become quite fast complicated and therefore we omit here the calculations for other Greeks.
One can derive results numerically by approximating the differential quotient by finite dif-

ferences. E.g. for I'y;, we have

6Ccall,LN . 8Ak N Ak(Sl,...,Sl—i-ASl,...,Sn) —Ak(Sl,...,Sl,...,Sn)

'y = = ~
M= 79508 05 AS, ’

for k,l e {1,...,n}.
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4.2.2 A Static Super-Replicating Strategy

The objective of this method is to find a super-replicating portfolio whose final payoff is
always larger than the payoff of a basket call. We obtain, by using Jensen’s inequality for

the final payoff,

where Y " | b; = 1. Therefore, the payoff of the portfolio consisting of n plain vanilla call
options is larger or equal to that of the corresponding basket call option. From a no-arbitrage
argument we follow that the discounted expected final payoff under risk-neutral measure Q

also fulfills the inequality

e "TEQ
Wy

n + n
(Z w; S; (T) — K) ] < Z wie_TTEQ
i=1 i=1

b N\

Si(T)— —K . (4.1)
For the purpose of hedging we would like to look for plain vanilla call options with strikes
depending on b; such that cost of the super-replicating portfolio is minimized. Hence, we
have to solve the following optimization problem:

(-2

n

min wie "TEQ
b1 7~-~’bn i—1
=

n
s.t. sz = 1.
i=1

The solution of this optimization problem is given in the next proposition.

Proposition 4.5 Suppose the underlying assets of the basket B(t) follow geometric Brownian

motions and the Black-Scholes model is valid, then the optimal b}, i = 1,...,n, satisfying (4.1),
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are uniquely obtained by solving a set of non-linear equations:

w;S; [ 11 K 7i/o1 o; 1 .
bi = T(1—-— % a % = 17 eey Iy
7 <w151> exp( ( G1> (7" + 2010)) 1 n

Proof: See [Su, 2005]. O

Not all optimal strikes k7" b= fu—i are traded in the market. Let xk; = (k?, ..., k) denote the
set of traded strikes of underlying S; in increasing order and k:? = 0. Since the Black-Scholes

price is convex in the strike, we have
Ci (’ffpt) < BCi(k]) + (1= 87 Ci (’%jﬂ) ;

where k:i and kg“ are the neighboring strikes of k', i.c. kf < kP < k:g“, and §* =

BT port
————:—. Hence, the upper bound for a basket call can be expressed as
KT ]

Z wie "TEQ

kfpt traded

S we” ( EQ [(SZ-(T) - k{)j + (1 p")EC [(Si(T) - k{“f]).

non—traded

opt
ki

Considering the difference between the replicating portfolio of plain vanillas and the basket,
one remarks that the difference is small for deep in-the-money options. This is not surprising
since (327, wiSi(T) — K)* ~ 31", w;Si(T) — K. Therefore, the inequality in (4.1) becomes
approximately an equality. A similar argument holds for deep OTM options since the basket
options is near to zero. In Figure 6 we see exactly these results of limiting behavior. The

correlation structure used in the example is

1 0.5 —0.5

-0.5 —0.5 1
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Figure 6: We compare the European basket call price for different moneyness with the
super-replicating portfolio calculated with the results of Proposition 4.5. The parameters
are w = (1,1,1)', & = (0.40,0.30,0.25)", r = (0.03,0.04,0.05)’, d = (0.04,0.01)" and S(0) =
(35,25,40). The moneyness is defined as K/B(0) and the maturity is at 7= 1.

4.2.3 A Static Sub-Replicating Strategy

The above super-replicating strategy is a way to over-hedge a basket. From an economic
viewpoint it is an expensive and not cost-efficient way of hedging. We are looking for a
strategy which eliminates most of the risk and which is cheap. For the two asset case, n = 2,
there are several papers based on copulas (see e.g. [Hobson et al., 2005]) which derive sharp
sub-replicating portfolios. But in most cases we are dealing with more than two underlying

assets.

Proposition 4.6 A lower bound for all n > 2 is given by
n

L= sz&(o) — e_rTK,
i=1

i.e. price of a forward contract with strike K on the basket.
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Proof: This lower bound follows from

E[(w'S(T) — K)*] > E [w'S — K]

= Tw'S(0) - K = w'F — K.

The proof follows by discounting with e="7. O

Since the final payoff of the lower bound L is smaller or equal the payoff of the basket call,

we have a sub-replicating strategy.

5 Stochastic Correlation in an Arithmetic Basket Option

Most models assume that correlation is constant in time. Considering changes of historical
correlation one remarks that they can be approximated by a mean-reverting process. Unfor-
tunately, correlations are bounded in [—1,1]. We have to find a process, which transforms

the unbounded Brownian motion into boundaries. Two model, which fulfill this criteria, are

do = k(2 — o)dt + A(1 — ¢*)dW, (5.1)

do = k(0 — o)dt + \\/1 — p?dW. (5.2)

Remark 5.1 Dynamic (5.1) and (5.2) is only constrained to [—1.1] in continuous time-step
stmulations. In discrete simulations it is possible to step outside the bounds.
To overcome the problem of stepping outside [—1, 1] in discrete simulations, we define another

process by

dZ = k(Z — Z)dt + o 7dW, (5.3)

0 = tanh (Z).

The instantaneous correlation is the hyperbolic tangent of an Ornstein-Uhlenbeck process

reverting to Zy with strength k. The correlation is constrained to [—1,1] also for finite-time
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step simulations. Note, in any case the volatility respectively the second moment of the

basket increases with stochastic correlation. This follows directly by Jensen’s inequality:

E[B% =E [E[B?[g]] =E[M] =E | Y wyw; F;Fe(¢7i5T)
4,j=1

n n
= Z wiw; F; FjE [e(gij“iJjT)} > Z wiw; Fy Fye EleiloioiT)
i,j=1 i,j=1
The great advantage of (5.1) and (5.2) is the calibration challenge to historical data. The

mean of a process with dynamics as in (5.1) and (5.2) is given by

Elo(t)] = ¢ 0(0) +2 (1), (5.4)

as in an Ornstein-Uhlenbeck process. We can calculate the second moment by an ODE. By

using It6’s formula, one obtains
d(0%) =20do+d < 0 >, (5.5)

where < - > denotes the quadratic variation. Let us denote by m,, the n'* moment of o(t).

By taking expectation on both side of (5.5) and using Fubini’s theorem, we obtain

dmg

ek 2k(gmy —mg) + A2(1 — my).

This ODE can be solved in closed-form. Unfortunately, the expression becomes complicated

and not useful for calibration. Therefore, we do some estimations for the variance, which leads

us to much simpler expressions. Let us denote by f(p) := 1—0? asin (5.1) or f(0) := /1 — 02

as in (5.2). Then the variance of g is

[ 1 eto) o (56)
t 2
/0 o2ks g — ;Tg (1 _ 672kt) .

Var(o(t)) = A2e ™2
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Figure 7: For each g and ¢(0) chosen identical between [—0.9,0.9] we run a MC simulation

of the stochastic correlation with 50000 different paths. The other parameters are A = 0.4

and k = 4. The approximation is calculated with (5.7) and f(z) = 1 — 2.

The upper bound follows from f?(9) < 1. An approximation of E [f?(o)] is f?(E[g]), since
we are dealing with a mean-reverting process. Hence, we have the following approximation

for the variance of o(t):

2 £2
Var(o(t)) ~ Af?(fk’]) (1 - e*%t) . (5.7)

A MC simulation of the variance of (5.1) and (5.2) is given in Figure 7. In the next section
we are looking at the calibration of (5.1) and (5.2) to historical data. The process in (5.3) is

difficult to calibrate.

5.1 Calibration to Data

In long-term consideration we can use the regression property of the dynamic in (5.2). We

have the following non-linear regression

ot + At) = o(t) + k(g — o(t)) At + \\/1 — 0*(t)dW;.
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o k )
0.4686 | 3.1e-02 | 6.27% | 9.3069 | 4.3e+00 | 86.14% | 0.4078 | 7.8¢-03 | 1.94%
0.4857 | 1.4e-02 | 2.87% | 6.9813 | 2.0e+00 | 39.63% | 0.4046 | 4.6e-03 | 1.15%
0.4910 | 9.0e-03 | 1.79% | 6.3517 | 1.4e+00 | 27.03% | 0.4041 | 4.1e-03 | 1.03%
0.4917 | 8.3e-03 | 1.65% | 5.9875 | 9.9e-01 | 19.75% | 0.4026 | 2.6e-03 | 0.65%
0.4942 | 5.8¢-03 | 1.15% | 5.7160 | 7.2e-01 | 14.34% | 0.4005 | 4.5¢-04 | 0.12%
0.4958 | 4.2¢-03 | 0.85% | 5.3313 | 3.3¢-01 | 6.63% | 0.4003 | 2.9¢-04 | 0.07%
0.4987 | 1.3¢-03 | 0.26% | 5.2666 | 2.6e-01 | 5.33% | 0.3998 | 2.4e-04 | 0.06%
20 | 0.4985 | 1.5e-03 | 0.31% | 5.1759 | 1.7e-01 | 3.52% | 0.3995 | 5.1e-04 | 0.13%
50 | 0.4992 | 7.7e-04 | 0.16% | 5.0698 | 7.0e-02 | 1.40% | 0.3991 | 9.4e-04 | 0.24%
75 | 0.4999 | 5.7¢-05 | 0.01% | 5.0503 | 5.0e-02 | 1.01% | 0.3988 | 1.2¢-03 | 0.30%
100 | 0.5001 | 1.4e-04 | 0.03% | 5.0496 | 5.0e-02 | 1.00% | 0.3989 | 1.1e-03 | 0.26%

— =
o G W M

Table 2: In each time step there are 1000 simulations of ¢ with the dynamic as in (5.2). The
parameters are 9(0) = 0.35, g = 0.5, k = 5 and A = 0.4. The columns show the estimated
value, the absolute error and the relative error to the exact value.

Therefore, we get an expression which is iid standard normal by

o(t + At) — o(t) — k(o — o(t)) At wid N(0,1)
A (1= 0%(t) At o

Xt(§> ka )‘) =

A good approximation for g, at least in long-term considerations, is the mean of a given
time-series. For the parameter k we use maximum likelihood estimates (MLE) on X, given

by
At)— _
L T e elt)

S R (2~ a(t)

Finally, the volatility parameter A can be estimated by the variance of the time-series and

by the approximation (5.7). The MC simulation in Table 2 shows that the bias decreases in

time.

Remark 5.2 The approzimations in Table 2 are an example with nice chosen parameters.
For parameters like o ~ 1 we do not get such nice convergence behavior. Additionally, we
have the problem of stepping out of [—1,1]. In the discrete time simulation of this example we
add an if-clause, which inverts the sign of AW if o(t + At) steps outside the bounds. Hence,
we only cross the boundaries if the simulated value of AW is very large. This event has a

very small probability. In fact we introduce an additional skewness. This seems not far from
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Figure 8: A MC simulation for the price of a two dimensional arithmetic basket with stochas-
tic correlation relative to the price of a basket with constant correlation. The volatility A of
the correlation varies between 0.34 and 0.67. The strike goes from 8 to 11. The weights are
chosen as w = (3,1)’. The initial values are from Table 3.

reality since, e.g., a correlation close to one moves with higher probability downwards than
upwards. Large values of X\ are another problem. We only have an approximation for A in
(5.7). From (5.6) we can calculate a lower bound for X, which helps us in calibrating market

data to the model.

5.2 Pricing an Arithmetic Basket with Stochastic Correlation

In Section 3.2 we see that there is no closed-form solution for the value of an arithmetic
basket option. We derive approximations by matching the moments to different distributions.
We would like to extend these approaches to stochastic correlations, but unfortunately for
dimensions n > 2, we run into the problem of non positive semi-definite covariance matrices.
Obviously, we do not face this problem for n = 2. But already for n = 3 the stochastic
correlation must have an influence on the implied volatilities of the underlying assets. It is a
question of time until we loose the positive semi-definiteness in a simulation by not changing
the volatilities.

Nevertheless, we simulate a two dimensional arithmetic basket in Figure 8. The dynamic

of the correlation is calibrated with historical 1M correlations from Sep’01 to Aug’06 of
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EURUSD USDSEK 0

o S(O) Tdom — T for g S(O) Tdom — T for 0 Q(O) k )\cali

7.83% | 1.2783 -1.84% 9.93% | 7.2223 2.12% -86.02% | -95.98% | 4.6 | 0.67

Table 3: Initial values on Aug 29, 2006 for the two dimensional example in Figure 8.

relative difference

Figure 9: A MC simulation for the price of a two dimensional arithmetic basket with stochas-
tic correlation relative to the price of a basket with constant correlation. The volatility A of
the correlation varies between 0.34 and 0.67. The strike goes from 8 to 11. The weights are
chosen as w = (3,1)". The initial values are from Table 3 but with ¢(0) = 0.5.

{EURUSD, USDSEK}? returns. The initial values on Aug 29, 2006 can be found in Table
3. Note, from (5.6) we can derive the lower bound of A\. This lower bound is 0.34, which
is the lower starting point of A in Figure 8. We see that the price of the basket with
stochastic correlation is basically the price with constant correlation. This is due to the
current correlation o(0), which is used in the constant correlation basket, is not far from the
long-term mean g. In Figure 9 we have the same parameters with the difference of p(0) = 0.5.

We see that the price can change up to 30% in the chosen interval for strike K.

5.3 Wishart Multi-Dimensional Stochastic Volatility

As remarked above it is impossible to simulate stochastic correlations without adjusting the

volatilities to fulfill the constraint of semi-positive definiteness for more than two underlying

2EUR: Euro, USD: U.S. Dollar, SEK: Swedish Krona
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assets. Wishart processes are a solution of this problem. They guarantee to have a posi-
tive semi-definite covariance (or correlation) structure. Let the multivariate dynamic of the

underlying assets be given by
dS, = diag(S,) (rdt +yY de) , (5.8)

where diag(+) is the diagonal matrix with the elements of S(¢) on its diagonal, r denotes the
risk-less returns, Ez /% is the square root matrix of the covariance matrix and finally W, is
a n-dimensional Brownian motion with independent elements. Note, the square root of a
positive semi-definite matrix exists and is also positive semi-definite. The dynamic of ¥ is

described by the following Wishart process
A% = (QQ + MS; + 5, M) dt + 3,%dZ,Q + Q'dZ)%,?, (5.9)

where Q, M and @ are nxn-matrices and Z(t) is a n x n-dimensional matrix with independent
standard Brownian motions as elements. M is assumed to be negative semi-definite. It drives
the speed of mean-reversion. For completeness we write M and M’ although the matrix is
assumed to be negative semi-definite and therefore symmetric. @ drives the volatility of 3.
The main point of Wishart processes is the following proposition, which ensures that the

problem is well-posed in the sense of a positive semi-definite covariance structure.

Proposition 5.3 X(t) is positive semi-definite for all t, if QQ = \Q'Q for some A > n —1,

where n is the dimension of the basket.

Proof: See [Bru, 1991]. O

5.3.1 Pricing a Geometric Basket Option with Stochastic Covariance

Let us assume we have a geometric basket given by B(t) = [[;-, Si(t), where the single
underlying assets follow the process given in (5.8). It is not difficult to see that the single

underlying asset follows
2

5(t) = 5i(0)e L H )T e
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where 0;; denotes the entries of /2. The geometric basket can therefore be written as
n 0_'2' n
Bt = BOHexp <’I”i — 2”) t-f-ZO'ijo
=1 7j=1
n 0_.2. n
= BO exp z} (Tl' — 2“) t+ ‘Zl O'ijo
1= )=

1 n
= Bpexp (r'e — 2Tr(2t)> t+ Z oiiWi ¢,

ij=1
where e = (1,...,1)". The basket dynamic follows by Itd’s formula:
1 n
dB, = B <7~ — = (Te(Zy) - e'Zte)> dt+ ) oy dW;
2 ij=1

The return r is defined as » = r’e. To derive the moments of the geometric basket we define

Y, := log By for which we have the following dynamic by applying 1t6’s formula:
1 n
dY; = (7" — 2T1“(Et)> dt + ‘Zl Uz‘dei- (5.10)
1,j=

The moments of By are given by the Laplace-transform of the Y (t), since E[B}'] = Elexp (nY?)].
We follow a similar approach given in [Fonseca et al., 2005] to calculate the Laplace trans-
form. They use the infinitesimal generator of the Wishart process ¥; and of the tuple (Y, %)

and apply the Feynman-Ka¢ methodology.

Remark 5.4 The infinitesimal generator is a concept from topology and describes actions
on manifolds. We do not want to go into details, but we need it to use the Feynman-Kac

argument. In our case, the infinitesimal generator is given by

d
Lynf(Y,X)= 7 fY, %),
=0

where f is an enough reqular function of Y and 3.

42



Proposition 5.5 The infinitesimal generator of the Wishart process X(t) is given by

Ly =Tr [(QQ + MY +XM')D + 25DQ'QD]

with

0
D= .
(82U>
Proof: See [Bru, 1991]. O

Endowed with the previous result, we can find the infinitesimal generator of the tuple (Yz, 3¢).

Proposition 5.6 Under the assumption that the Brownian motions W (t) and Z(t) are in-

dependent, the infinitesimal generator of (Y, %) is given by

1 o 1 d?
E(KZ) = (T — 5 TT’(Et)) 8 + e Ztea D) + ﬁz}
Proof: Under the independence assumption of Wy and Z; the covariation < ¥;;,Y >= 0 for

all t and for all 4,5 = 1,..,n. The other terms are straightforward from Proposition 5.6 and

from It6’s formula. Note, d < Y; >= €'3;edt. O

Following [Dulffie et al., 2000], in order to solve the pricing problem for plain vanilla options,
we need the Laplace transform of the process in (5.10). Laplace transforms of Wishart
processes are exponentially affine (See [Bru, 1991]). We guess that the moment generating
function of asset returns is exponential affine in a combination of Y and the elements of the
Wishart matrix. Hence, we are looking for three deterministic functions A(t) € My, b(t) € R

and c(t) € R that parameterize the Laplace transform:

. o(7) = Eqfexp (1Yisr)] (5.11)

= exp (TI‘[A(T)Et] + b(T)Y;f + C(T))7
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where v € R and E,[-] is the conditional risk-neutral expectation. By applying the Feynman-

Kac argument, we have

oWy
or

¥, +(0) = exp (7Y3),

= LysVqy4,

that is
Oy (r 1 > oV L1 eaQ\pw
Y
+ Tr [(QQ + ME +SM')DV,; + 2(DQ' QD) V4] .

By replacing the candidate in (5.11), we obtain

1&«[6%14(7)2] + a%b(T)Yt + %0(7) = (T - ;Tr(zt)> br) + %dztebﬁy

+ Tr [(QQ + MY + SM')A(7) + 28A(1)Q'QA(7)]

with boundary conditions

A(0) =0 € M,,
b(0) = v € R,
c(0) =0€R.

By identifying the coefficients of Y; and integrating the ODE, we obtain

b(r)=~ V.
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We should be aware that we can use the identity f = ’H[%ee’ | for a real-valued function f.

Thus, we identify the coefficients of ¥ by

2
Tr [;Au)zﬂ = — IS + o Trle'Treee] + Tr [(ME, + £ M)A(T) + 25, A()QQA(T)]
- 2

— Tr _%Zt + ;TLee’Ztee’ + (M + XM A(T) + 2ZtA(T)QIQA(T)]

2

—Tr —%Et + ;—ee'ee’Et + A(T)MS, + M A(T)S, + 2A(T)Q’QA(T)Et]
mn

r 2
=Tr —%Et + %ee’Zt + A(T)Mzt + M’A(T)Et + 2A(T)QIQA(7')Zt:| .

We obtain the matrix Riccati ODE by

0 72 e / /
—A(r) = —ee' — -1, + A(T)M + M'A(T) + 2A(1)Q'QA(7),
or 2 2

A(0) =0

The solution can be derived analogue to the approach in [Fonseca et al., 2005]. We obtain

A(T) = A22(7)71A21(7),

where

An(T) Alg(T) M —QQ/Q

=expi T )

Agi (1) A1) Tee —11, —M

Finally, the function ¢(7) follows by direct integration. We get

o) = THOOA(T)] 4+

c(0) = 0.

We need the characteristic function, which can be derived by replacing v by iy (i = v/—1) in

the moment generating function, in order to price options with stochastic Wishart covariance.
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Proposition 5.7 The characteristic function of the asset returns is given by

Doyt (7) = Wiyt (7)

= exp (Tr [A(T) 2] + 7Y + ¢(7)),
where the deterministic functions A(1) € M, (C) and c¢(1) € C are given by

A(T) = A22(7)71A21(7'),

o(r) = Tr [sm /O ’ A(s)ds] + iy,

with
AH(T) A12 (T) M *QQ,Q
=expl T , '
Agi (1) Aga(7) —Fee' - 91, —M
Proof: We replace v by i and calculate straightforward. O

It is known (see e.g. [Scott, 1997]) that the initial option value is determined as

C = SHl - KG_TTHQ,

where we assume that the interest rate r is constant. II; and Ily are given by:

1 1 o) efiu log Kq)u—i O(T)
m=-+-/ R : d
L = /0 e( u®_;o(T) ) v
1 1 0 —iulogK(I) T
H2:+/ Re<e ; u,O( )>du
2wy n

Re(+) denotes the real part of a complex number.

Remark 5.8 We can not proceed in the same way for arithmetic basket options as for the
geometric basket options since the dynamic of Y; = log By is not affine in Wy. Therefore, to

assume the Laplace transform to be exponentially affine is bad.
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5.4 Calibration data to the Wishart Process

The process given in (5.9) is difficult to calibrate since there are too many degrees of freedom
to determine. Furthermore, we face the problem of loosing positive definiteness in discrete
simulation for large time-steps. In order to solve these problems, we analyze a general
autoregressive Wishart (WAR) process.

Let x; denote a vector-autoregressive (VAR) process of order one and dimension n. This

process satisfies
Xt+1 = AXt + €41, (512)

where (€;) is a sequence of iid random vectors with multivariate Gaussian distribution N (0, A)
and A is assumed to be positive definite. (x;) is stationary if the matrix A has eigenvalues
with modulus less than one. (Here A is different from A in Section 5.3). The WAR process

Y; of order one is defined by

K
/
Y= E Xk, t Xt
k=1

where the processes xi;, k = 1,..., K, are independent Gaussian VAR(1), given in (5.12).
The next proposition gives us first and second order conditional moments of the WAR(1)

process.

Proposition 5.9 We have
E[Xi41] = AS A" + KA.
Let a, B, v, and & be four vectors in R™. We get

cov (V' Si10, 8'S18) = Y AL A8/ AB + v AS A B/ A + o/ AS, A5~/ AB

+ /AN A'BY A8 + K[y ABa'Ad + o/ AB~'Ad).
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Proof: See [Gourieroux et al., 2004]. O

The first and second order conditional moments are affine functions of the lagged values of
the volatility process. In particular, the WAR(1) process is a weak linear AR(1) process. We

have
Et—l—l = AEtA/ + KA + Nt+1, (513)

where 7;41 is a matrix of stochastic errors with conditional mean zero. But what is the
relationship between the dynamic in (5.9) and the WAR(1) process?

From [Gourieroux et al., 2004] we know that if A can be written as A = exp (M), where M
is a matrix, the WAR(1) process is a time-discretized diffusion process and can be written in
the form of (5.9). Moreover, if K is an integer the diffusion process is obtained by summing
the squares of K independent multivariate Ornstein-Uhlenbeck processes.

The calibration of the WAR(1) process is much simpler than the calibration of the process

in (5.9). Let ¥4,..., Y7 denote a time-series of volatility matrices.
Proposition 5.10 Let us assume K > n.
a) K and A are identifiable whereas the autoregressive coefficient A is identifiable up to
1ts sign.
b) A is first-order identifiable up to a scale factor and A is first-order identifiable up to
its sign. The degree of freedom K is second order identifiable.
Proof: See [Gourieroux et al., 2004]. O

We mean by first and second order identifiable that something is identifiable from the first
respectively second order conditional moments. Let us define A* := KA. The first-order
conditional moments can be used to calibrate the parameters A and A up to sign and scale
factor. The first order method of moments is equivalent to nonlinear least squares. The

ordinary nonlinear least squares estimators are defined as
(A, A*) = argmin S2(A, AY),
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where
T

S?(A, A7) = ||vech(y) — vech(AS; 1A' + A%)|?,
t=2

and vech(X;) denotes the vector obtained by stacking the lower triangular elements of ;. To
estimate the degree of freedom K, from where we can derive A, we have to assume that the
WAR(1) process is strictly stationary. As already mentioned this follows if A has eigenvalues

with modulus less than one. Denote by A(oco) the solution of
A(oo) = AA(c0)A" + A.

The estimate of K follows from the following steps:

1. Compute A*(c0) as a solution of

2. Choose a portfolio allocation a and compute its sample volatility

2
1
a'’Ya— T ; Ta’Zta] )

N 1
V(a'¥a) = T ;

3. A consistent estimator of K is

K(a) = 2<a/A(OO)a)2
V(a’¥.a)

4. A consistent estimator of A is A(a) = A*/K(a).

Hence, we can calibrate market data to a WAR(1) process, from where we can simulate future
volatility pathes and future multivariate asset prices. Compared to the dynamic in (5.12) we

do not face the problem of loosing positive definiteness in discrete time-stepping.

Remark 5.11 The WAR(1) process does not conserve market completeness. For example
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a | (0,1,1,1,1) [ (1,0,1,1,1) | (1,1,0,1,1) | (1,1,1,0,1) | (1,1,1,1,0)" | (1,1,1,1,1)
K 2.3961 3.0698 3.2714 3.4447 2.7687 2.9242

Table 4: Estimates of K for different vectors a according to the second order identification
in Section 5.4.

~ =~

A A

0.3728 0.1078 0.1145 0.2669 0.2009 | 0.0020 0.0006  0.0002 -0.0001 0.0015
-0.2291 0.5106 0.0604 -0.4349 0.4221 | 0.0006 0.0008 -0.0002 -0.0000 0.0004
-0.1700 0.3759 0.3756 -0.1683 0.3497 | 0.0002 -0.0002 0.0021 -0.0002  0.0000
-0.0841 0.0325 0.0342 0.2436 0.1459 | -0.0001 -0.0000 -0.0002 0.0003 -0.0001
-0.1179 0.2034 0.1109 0.2272 0.6527 | 0.0015 0.0004 0.0000 -0.0001 0.0015

TablAe 5: A and A calculated by ordinary nonlinear least square. Additionally A is calibrated
by K = 2.9242.

we have in the case of a currency triangle in a complete market (e.g. USD, EUR, JPY?)
that the sum of the arcus cosines of the correlations is w. This property is lost in simulating

a Wishart process almost sure.

5.4.1 Calibrating Data to a five dimensional Basket of Currency Rates

In the following example we estimate the driving parameters in (5.13) for a five dimensional
basket of currencies versus EUR. The basket contains the currencies {USD, GBP, PLN, CHF,
SGD}*. We have daily data from January 4%, 1999 until April 27", 2006. That are 1876
business days in total. The series of covariances is calculated historically on a monthly basis
of 21 business days without overlapping. Hence, we have a time-series of covariance matrices
of length [1876/21] = 89. The results of the estimation according to the procedure in Section
5.4 are in Table 4 and 5. The estimated degrees of freedom K are close to three. The mean
is 2.9792. Therefore, one can assume that the monthly covariances are driven by a WAR(1)

process with three degrees of freedom.

3JPY: Japanese Yen
4USD: U.S. Dollar, GBP: British Pound, PLN: Polish Zloty, CHF: Swiss Franc, SGD: Singapore Dollar
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5.4.2 Influence of Stochastic Covariance on the Price of an Arithmetic Basket

Call Option

In the next example we see the influence of a stochastic covariance matrix on the price
of a basket option. We simulate an arithmetic European basket call option with stochastic
covariance structure which follows a Wishart process with the calibrated parameters of Table
5 and K = 3. Unfortunately, the calibrated values of A are small such that the covariance
matrix is almost constant and has no stochastic character anymore. This would lead to
results which are similar to calculations without stochastic covariance structure. Therefore,
we multiply A in the following simulation by a factor of 10. For the constant covariance
structure we use the expected value of ¥, which can be calculated iteratively by the results
of Proposition 5.9. Let us assume the time interval from 0 to 7' is split into [0, AT, ..., (N —
1)AT, T] subintervals. Then,

E[¥r] = E[En_1ar(ET]]
= E[AX(n_1)arA’ + KA]
= AE[X(n_1)ar]A" + KA
= AE[E(n_o)ar[E(nv-1)ar]]A + KA
= AE[AY(y_gar A + KAJA"+ KA

= A2E[S(n_oyar]A” + AKAA + KA

N
= AV A £ 3 AN RAATNT,
=1
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where E,[-] denotes the expectation conditional on the filtration up to time ¢. In the calculated

example we assume that X9 =0, T'=1, and N = 12. Therefore, we obtain

0.0360 0.0154 0.0141 0.0014 0.0300
0.0154 0.0172 0.0079 0.0014 0.0143
EX7] = [ 0.0141 0.0079 0.0349 0.0000 0.0127 |,
0.0014 0.0014 0.0000 0.0036 0.0017

0.0300 0.0143 0.0127 0.0017 0.0307

for the parameters given in Table 5, K = 3 and A multiplied by a factor of 10. In Figure
10 we compare the result of a MC simulation for the arithmetic basket call with Wishart
covariance matrix to the inverse gamma approximation of Proposition 3.4, where we use
E[X7] for the constant covariance matrix. One remarks that the option price with stochastic
covariance is higher than the price with constant covariance. The largest difference occurs in

the ATM region. In the OTM and ITM (in-the-money) region the difference tends to zero.

5.4.3 Introducing Correlation between the Underlying Assets and the Wishart

Process

In (5.8) and (5.9) we assume independence between the Brownian Motion increments dZ;
and dW;. Analysis of market data shows that there can be a correlation between the
underlying assets process and the covariance process. But how can we solve the challenge
of introducing correlation R between a vector and a matrix Brownian motion? One solution
can be derived from the VAR(1) regression equation in (5.12). The continuous time analogue

of this regression is:
dx; = Mx; + Q (Rth /1, - RR’dW#) , (5.14)

where M denotes a matrix such that A = exp (M) and © is such that QQ' = A in (5.9). dW;
is the Brownian motion of the underlying assets in (5.8) and thL is an independent of dW,

Brownian motion. Hence, we introduced a correlation structure R between the covariance
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Arithmetic European Basket Call with Wishart Covariance
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Figure 10: The price of an arithmetic European call option with stochastic Wishart covariance
matrix and the price of the same option with constant covariance matrix calculated by the
inverse gamma approximation of Proposition 3.4. The parameters of the Wishart process are
chosen from Table 5 and K = 3. We multiply A by a factor of 10, otherwise we would not see
a difference in price through the small entries of A. The remaining parameters are S(0) =
(1.2414,0.6958, 3.8737,1.5814,1.9702), r = (0.0143,0.0156, 0.0072, —0.0175, —0.0036)", w =
(0.2,0.2,0.2,0.2,0.2)" and T' = 1. For the inverse gamma approximation we choose E[X] for
the constant covariance matrix. In the Wishart simulation we update the covariance matrix
monthly whereas the price process is updated daily. The moneyness is defined by K/B(0).

process Y; and the underlying assets process S;.

6 Conclusions

In this paper, we have introduced closed-form solutions to price and hedge geometric as well
as arithmetic basket options in European style. Furthermore, we have given a numerical
method, based on finite differences, to price American style arithmetic basket options. This
approach has been extended to derive solutions of knock-out options. Unfortunately, we
have not been able to give solutions for more than two dimensional problems. The number of
calculations increases enormously in the dimension. The given algorithm is in general form
such that it can be used for higher dimensions.

In a second part, we have analyzed stochastic covariance matrices. First we have looked at
possible dynamics for the correlation process. But for more than two underlying assets we

face the problem of loosing positive semi-definiteness for the covariance matrix. Therefore,
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we have introduced Wishart processes to overcome this point. We have solved the geo-
metric basket option problem with stochastic covariance by adapting an approach given in
[Fonseca et al., 2005]. They assume that the logarithm of the basket is exponentially affine in
the moment generating function. Finally, we have given a way to calibrate Wishart processes
to market data. This approach is based on a vector-autoregressive process. In a Monte Carlo
simulation we have seen that the price of an option with stochastic covariance matrix can
differ from the price with constant covariance matrix. The largest difference has occurred in
the at-the-money region.

Further open issues are the implementation of the finite differences approach to price Amer-
ican style option for more than two dimensions, static replication of basket options, and
closed form solutions of arithmetic basket options with Wishart covariance matrix inclusive

the purpose of hedging these vehicles.
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A Appendix

A.1 Degrees of Freedom of a Student ¢ Fit

Another way of testing the hypothesis of normality is fitting the time-series to a Student t
distribution. It is well known that the degrees of freedom v € N of a Student t distribution
are an indicator for the existing moments. In fact v — 1 is the largest existing moment.
We have a normal distribution for v — oo. Hence, we can fit daily, weekly and monthly
return series to a Student t distribution. The higher the degrees of freedom, the higher the

probability of normally distributed returns.

Remark A.1 To calculate the MLE of a Student t distribution, we have to solve a system
of nonlinear equations. Let us assume we have a time-series X of random variable with

distribution t(v, uo), where p is the location and o the scale. The log likelihood is given by

1
(v, p,0;%) = —nlog(o) + nlog (I‘ (ﬁ)) + % log(v) — glog(w)

~ntog (1 () - U513 toston)
i=1

where n denotes the length of x, y; = v + z? and z; = (x; — p)/o. To compute Oprp, =

(Onip, invin, 0arL) we have to solve

v, o) Do) Dn o))
o ’ Oo ’ Ov -
where
ol(v,p,o;x)  v+1 2
a'u g i=1 Yi
Bl(u,,u,a;x)__ﬁ v+1 zj
oo o o =y
(v, u,0;x)  n v+1 n n v v+ 1< 1 "
T LT%) _ Ty 141 “ Ry (B - 1 _ 2N Jog(4).

The function ¥(.) is called the digamma function and is the first derivative of the log of the
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Cey Vdaily Vweekly ~ VYmonthly Cey Vdaily Vweekly ~ Vmonthly
USD | 9.5732 79.2561 99.9983 | CHF | 2.6769 9.3304  32.3297
JPY | 4.6550 6.7745 10.2182 | ISK | 3.6183 4.3584 3.8840
CZK | 2.3569 5.1188 3.5302 | NOK | 2.3499 6.0001 4.1215
GBP | 6.5180 16.1120 61.9006 | AUD | 5.0618 7.1229 6.6087
HUF | 2.3395 2.0673  2.1344 | CAD | 6.7994 16.5822 99.9990
LTL | 1.0022 1.0000 1.0044 | HKD | 9.7020 64.5730 99.9998
PLN | 4.8997 5.2395 12.5633 | KRW | 6.5173 5.0861 5.5381
SEK | 2.3538  3.7897 4.6007 | NZD | 5.6223 8.9963 8.8224
SIT | 3.7654  7.9987 3.5861 SGD | 5.9833 14.3350 99.9992
SKK | 2.4624 3.1949 6.0631 ZAR | 3.8274 6.0872 8.1693

Table 6: Degrees of freedom v for different currencies versus EUR. Calculations are based on
daily data from January 4, 1999 until April 27", 2006.

gamma function.

In Table 6 we find numerical calculations, based on MLE, for v. Note, v lies between 0 and 100
because of the numerical implementation. Generally, the longer the tenor, the more moments
exist. This confirms the results in Section A.2. Another interesting observation are the small
v’s for European currencies. Especially EURCHF, EURSEK and EURNOK?® shows for daily
returns v’s smaller then three, which would indicates that not even the second moment exists.

Probably this is a result from an adjustment of the European currencies versus EUR.

A.2 The HKKP Tail-Index Estimator

When a distribution F(-) fulfills the following regular variation condition at infinity

1— F(tx)

lim —————= =2~ ¢

t—oo 1 — F\(t) ’
then the tail-index o measures the speed with whom the tail of F'(-) approaches zero. It
implies the larger «, the less fat-tailed the distribution. Furthermore, « represents the

maximum number of existing moments of a random variable with distribution F'(-). Let us

SEUR: Euro, CHF: Swiss Franc, SEK: Swedish Krona, NOK: Norwegian Krone
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define vy := 1/«. Hill proposes in [Hill, 1975] the following estimator for the tail-index:

k
1
) = 3 oslen-sr) ~ og(ry).
where z; is the i'" increasing order statistic (i = 1,...,n) and where k is the pre-specified
number of tail observation to include k = (1,...,n — 1). Assuming the random variables

belong to a class of distribution functions of the following form

F(z) =1—az"%(1 + bz P),

where «, 3 > 0 and a,b € R, it has been shown that the Hill estimator can be approximated

b
' B (k)] o L 8 _pe (KN
n~ ;- s ()
and
1
var(y(k)) ~ Tl

Hence, the bias increases with k, while the variance decreases. For large n the bias is small.
But often we face the problem of having only a small sample. [Huisman et al., 2001] states

that v(k) is almost linearly in k& and can be approximated by

v(k) = Bo + Pk + e(k), (A.1)

where k < k and k is a threshold value of n (e.g. k < n/2). Note, the error term e(k) is
heteroscedastic. By dividing the left- and right hand sides of (A.1) by vk we pay regard to
the heteroscedasticity and can apply Ordinary Least Squares to determine Gy and (1. The
estimated tail-index v equals 3y.

In Table 7 and 8 we calculate ~ for different currencies versus EUR and for different tenors
{weekly, daily, monthly}. The main observation is the longer the tenor the more possible are
normally distributed returns. In general, v decreases from daily to monthly data. Negative

values are possible since we obtained the values from (A.1). This number is meaning less. It
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Cey ‘ Vdaily K 1 Yweekly K n Ymothly K n
Positive returns

USD | 0.1963 459 1875 | 0.1466 92 375 | -0.0031 18 &9
JPY | 0.2244 479 1875 | 0.0930 99 375 | 0.2637 23 89
CYP | 0.4307 332 1875 | 0.1420 81 375 | 0.0529 20 &9
CZK | 0.2105 441 1875 | 0.0814 81 375 | 0.1549 17 &9
DKK | 0.1475 451 1875 | 0.0743 95 375 | -0.0069 21 89
GBP | 0.1794 446 1875 | 0.1152 89 375 | 0.0576 19 &9
HUF | 0.2888 462 1875 | 0.1771 89 375 | 0.0467 24 &9
LTL | 0.1875 292 1875 | 0.0825 59 375 |-0.3373 10 89
LVL | 0.2253 433 1875 | 0.1180 90 375 | 0.05611 19 &9
PLN | 0.1734 443 1875 | 0.2151 82 375 | 0.1394 20 &89
SEK | 0.1558 461 1875 | 0.0738 91 375 | 0.2098 23 89
SIT |0.2989 513 1875 | 0.1194 127 375 | 0.0956 32 &9
SKK | 0.1532 414 1875 | 0.1370 82 375 | 0.0269 16 &9
CHF | 0.2086 470 1875 | 0.0992 88 375 | 0.0448 20 &9
ISK | 0.2218 456 1875 | 0.2787 90 375 | 0.2610 21 89
NOK | 0.1724 441 1875 | 0.1189 80 375 | 0.0975 16 89
AUD | 0.1464 442 1875 | 0.1688 92 375 | 0.0615 19 &9
CAD | 0.1941 441 1875 | 0.2143 84 375 | 0.0425 17 89
HKD | 0.2004 467 1875 | 0.1504 92 375 | 0.0119 19 &9
KRW | 0.1971 450 1875 | 0.1336 87 375 | 0.1828 20 89
NZD | 0.1210 434 1875 | 0.1732 90 375 | 0.2025 20 &89
SGD | 0.2200 453 1875 | 0.0935 91 375 | 0.0689 22 &9
ZAR | 0.2097 441 1875 | 0.1200 82 375 | 0.1319 18 &89

Table 7: HKKP tail index estimator « for positive returns of different currencies versus EUR.
Calculations are based on daily data from January 4*, 1999 until April 27", 2006.

only indicates that the Hill estimator (k) has a large increase with k. Considering vqasy,
often only the first four moments exists. For EURCYP® we not even have a third moment

for positive returns.

A.3 Autocorrelation in Return Series for Different Currencies

Beside the heavy-tailedness of historical FX return data, we face the assumption of iid returns.
Note, independence implies zero autocorrelation but zero auto-correlation does not imply
independence. For that reason we calculate the autocorrelation of historical returns as well

as the auto-correlation of absolute historical returns. For independent (absolute) returns the

SCYP: Cyprus Pound
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Cey ‘ Vdaily K n Yweekly K n Ymothly K n
Negative returns

USD | 0.0863 467 1875 | 0.0736 94 375 | 0.1778 24 89
JPY | 0.1860 449 1875 | 0.1012 87 375 | 0.0590 20 &9
CYP | 04194 311 1875 | 0.1866 82 375 | 0.1215 21 &9
CZK | 0.1746 486 1875 | 0.0805 105 375 | 0.1231 26 &89
DKK | 0.1890 432 1875 | 0.0682 86 375 | 0.2316 22 &89
GBP | 0.1377 475 1875 | 0.1099 97 375 | 0.0253 24 89
HUF | 0.1478 459 1875 | 0.1275 96 375 | 0.0729 19 8§89
LTL | 0.0676 334 1875 | 0.0776 75 375 | 0.1452 20 89
LVL | 0.1389 429 1875 | 0.0676 85 375 | 0.2114 22 &89
PLN | 0.1622 489 1875 | 0.0832 104 375 | 0.0272 23 89
SEK | 0.1621 471 1875 | 0.1853 95 375 | 0.4485 20 89
SIT | 0.3131 357 1875 | 0.0810 54 375 | 0.0327 10 89
SKK | 0.2035 507 1875 | 0.2254 101 375 | 0.0103 27 &9
CHF | 0.2456 451 1875 | 0.1347 96 375 | 0.1398 23 &9
ISK | 0.1669 464 1875 | 0.1597 94 375 | 0.0245 22 &89
NOK | 0.0789 487 1875 | 0.2135 105 375 | 0.0689 27 89
AUD | 0.1210 488 1875 | 0.1088 94 375 | 0.0827 24 &89
CAD | 0.0814 489 1875 | 0.1063 102 375 | 0.0950 26 89
HKD | 0.0736 463 1875 | 0.0706 94 375 | 0.1801 24 &9
KRW | 0.0919 483 1875 | 0.1317 99 375 | 0.0099 23 &9
NZD | 0.1177 495 1875 | 0.1448 96 375 | 0.0476 23 89
SGD | 0.0788 478 1875 | 0.0823 95 375 | 0.1138 21 &9
ZAR | 0.2660 492 1875 | 0.1338 104 375 | 0.1282 25 &9

Table 8: HKKP tail index estimator « for negative returns of different currencies versus
EUR. Calculations are based on daily data from January 4%, 1999 until April 27", 2006.

auto-correlation is zero for all lags k > 1. Figure 11 - 14 show the auto-correlation diagram
for daily, weekly and monthly returns for different currency rate versus EUR. The historical
data are chosen from January 4%, 1999 until April 27", 2006. The horizontal lines indicate
the 95% upper and lower confidence bounds. The lag for k¥ = 0 is obviously one and is
therefore not shown.

The results indicate that there is a strong dependence in time. Nearly all returns show
absolute auto-correlation for daily data. For weekly and monthly data this effect is much
weaker which strengths (but not proofs it!) the independence assumption. Interestingly,
the effective returns show less auto-correlation. Hence, we have a nice example of zero-

autocorrelation but non-independence. The same considerations can be done for several
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arithmetic baskets with weights w = (1,...,1)". We structured four baskets:
1. Major = {USD, JPY, GBP, CHF}’,
2. Central Europe = {HUF, CZK, PLN}%,
3. Asia = {HKD, KRW, SGD}?,
4. World = {USD, JPY, HUF, AUD, HKD}!°,

where the numeraire is EUR. The auto-correlation diagrams are in Figure 15 - 18. The local
baskets show strong auto-correlation for absolute daily returns. On the opposite the World
basket has much less absolute auto-correlation. Probably this shows a certain degree of local
diversification. In general we can gather from this analysis that the basket can, depending

on his structure, in- or decrease the probability of independence.

7USD: U.S. Dollar, JPY: Japanese Yen, GBP: British Pound, CHF: Swiss Franc

8HUF: Hungarian Forint, CZK: Czech Koruna Yen, PLN: Polish Zloty

9HKD: Hong Kong Dollar, KRW: South Korean Won, SGD: Singapore Dollar

10USD: U.S. Dollar, JPY: Japanese Yen, HUF: Hungarian Forint, AUD: Australian Dollar, HKD: Hong
Kong Dollar
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Figure 11: Historical auto-correlation diagram of the FX rate returns and absolute returns
for EUR/USD from January 4" 1999 until April 27%*, 2006. The horizontal lines indicate
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Figure 12: Historical auto-correlation diagram of the FX rate returns and absolute returns
for EUR/JPY from January 4t 1999 until April 27", 2006. The horizontal lines indicate
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Figure 13: Historical auto-correlation diagram of the FX rate returns and absolute returns
for EUR/HUF from January 4", 1999 until April 27*", 2006. The horizontal lines indicate

the 95% upper and lower confidence bounds.
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Figure 14: Historical auto-correlation diagram of the FX rate returns and absolute returns
for EUR/HKD from January 4t 1999 until April 27%", 2006. The horizontal lines indicate
the 95% upper and lower confidence bounds.
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Figure 15: Historical auto-correlation diagram of the FX basket consisting of {USD, JPY,
GBP, CHF} versus EUR. Data from January 4", 1999 until April 27¢", 2006. The horizontal
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lines indicate the 95% upper and lower confidence bounds.
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Figure 16: Historical auto-correlation diagram of the FX basket consisting of {HUF, CZK,
PLN} versus EUR. Data from January 4" 1999 until April 27", 2006. The horizontal lines
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Figure 17: Historical auto-correlation diagram of the FX basket consisting of {HKD, KRW,
SGD} versus EUR. Data from January 4", 1999 until April 27", 2006. The horizontal lines
indicate the 95% upper and lower confidence bounds.
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Figure 18: Historical auto-correlation diagram of the FX basket consisting of {USD, JPY,
HUF, AUD, HKD} versus EUR. Data from January 4", 1999 until April 27*", 2006. The
horizontal lines indicate the 95% upper and lower confidence bounds.
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